Here, we provide the capability to determine a target's frequency and amplitude in a low SCR environment by presenting two methods that can perform vibration estimations when SCR < 3 dB. The first method is a variation and continuation of the subspace approach proposed previously in conjunction with the DFRFT. In the second method, we employ the dual-beam SAR collection architecture combined with the extended Kalman filter (EKF) to extract information from the returned SAR signals about the vibrating target. We also show the potential for extending this SAR-based capability to remotely detect and classify objects housed inside buildings or other cover based on knowing the location of vibrations as well as the vibration histories of the vibrating structures that house the vibrating objects.
INTRODUCTION
Synthetic Aperture Radar (SAR) is a remote-sensing technique, typically performed with aircraft or spacecraft, which has advanced significantly over the past few decades [8] - [10] . Capable of high-resolution terrain images in all weather conditions, SAR delivers complementary and possibly otherwise unattainable information in a plethora of remote sensing applications. SAR transmits electromagnetic (EM) radiation to ground scenes and measures the returned signal, which contains information about the EM reflectivity of all objects. This active illumination feature facilitates the identification and classification of ground objects.
In its most basic form, SAR artificially creates a significantly larger aperture while traversing a ground scene. While traversing the ground scene, the system periodically measures the EM reflectivity on each object. SAR Processing, i.e., combining the data at each collection location, provides a high-resolution image. The success of this collection technique depends heavily on the assumption that all targets in the ground scene are stationary during collection. The returned SAR signals from static targets (after pre-processing) are all stationary. More specifically, the returned SAR signals are the superposition of pure sinusoids. Conventional SAR image formation methods, which are based on the Fourier transform (FT), are able to focus the targets on their correct positions by "compressing'' the returned SAR signals to impulses located at the frequencies that are linearly related to the target's locations. However, since we assume all the targets are static during the data-collection process, SAR imagery is sensitive to any low-level target vibrations [11] - [18] . Specifically, target vibrations cause SAR images to contain localized artifacts, or "ghost targets,'' in the azimuthal (crossrange) direction. This is because the vibrations introduce non-stationary phase modulation, termed the micro-Doppler effect [15] , into the returned SAR signals.
While non-stationary targets degrade the resolution and create artifacts in the image, it could be of great benefit to have a reliable method to determine the target's vibration characteristics remotely: specifically frequency and amplitude from the non-stationary phase modulated return signals. This capability could provide remote monitoring for machinery, unique target identifiers in defense applications, or extract activity information about concealed structures. Previously, the authors proposed the discrete fractional Fourier transform (DFRFT) [1] demonstrated success for estimating the instantaneous accelerations of vibrating objects [2] - [5] . However, in some cases this method may not yield reliable results when clutter (static targets) in the SAR image is strong. Simulations and experimental results show that the DFRFT-based vibration estimation method can yield reliable results for the signal-to-clutter ratio (SCR) > 8 dB [6] .
Although the SCR requirement of the DFRFT-based method is easily satisfied by appropriate SAR system design choices, it is still of great benefit to have the capability of estimating target vibrations in low SCR scenarios, i.e., 3 dB or lower. In this paper, we present two methods to handle low SCR scenarios. The first is clutter suppression using rankreduction and subspace methods. We incorporated these into the already existing DFRFT based method, which enhanced the performance in low SCR scenarios [1] . The second method depends on an entirely different collection technique, the along-track dual-beam SAR, also known as the monopulse (squinted) phase beam SAR. The collection geometry of dual-beam provides a means to remove all the clutter from the signal, since the clutter is common to both beams. We then apply extended Kalman filter (EKF) to determine the vibration characteristics.
RANK-REDUCTION AND SUBSPACE METHODS
For nonstationary signals, the continuous-time fractional Fourier transform is an incredibly powerful and extremely successful time-frequency analysis technique. This transform is used in a variety of applications including both optics and signal processing [33] . Earlier work by the authors showed the estimation of common ground-target vibrations can be transformed into estimating chirp parameters of the returned signal in properly sized subapertures [1] .
Vibration frequency estimation involves the application of the DFRFT directly to the signal of interest (SoI). Subsequently, using the peak-to-parameter mapping, we find the peak coordinate location, translate these peak coordinates into a center frequency, and estimate the chirp rate. This direct approach works well when both the SNR and SCR are high. However, in the presence of significant clutter, i.e., strong reflections by static targets located near the vibrating object, estimating the peak coordinates accurately becomes difficult. This difficulty is due to the manifestation of significant side lobes in the DFRFT spectrum [31] .
Continuing from a previously proposed subspace approach, we use the rank-reduction and subspace method in conjunction with the DFRFT to perform vibration estimation in the presence of clutter. Prior application of subspace methods, for vibration estimation applications, implemented the crosshair technique. We place the crosshairs on top of the DFRFT peak. The vertical and horizontal slices of the DFRFT generated by the crosshairs are frequency variables. These frequency variables are transformed into time-domain quantities using the inverse DFT. We use the transformed slices as inputs into the various subspace methods. Ideally, the peak in the DFRFT spectrum will be a delta function, 
In this paper we take the noise processes, and , to be white zero-mean circularly symmetric complex Gaussian noise.
Since is typically no more than a few milliseconds in most dual-beam SAR systems, this time is significantly shorter than the vibrations of interest. This gives us the ability to make the following approximation
where ( ) is the instantaneous vibration velocity of the target. Using this approximation and some algebraic manipulations, ( ) is written as
where
Now, since the SoI, given by
contains information about the instantaneous position and velocity, ( ) and ( ), of the vibrating target, the problem of estimating the vibration dynamics is a standard non-stationary signal estimation problem [24] . This creates the ability to use recursive estimation methods such as the Kalman filter [25] . However, the nonlinear nature of the observed signal model prevents us from directly applying the Kalman filter to the dual-beam SoI for vibration estimation. Nevertheless, we can first linearize the observed signal model at each estimate and then apply the Kalman filter. This method is commonly referred to as the extended Kalman filter (EKF). Although the EKF is generally sub-optimal for nonlinear estimation problems, it is widely used and it has been considered the de facto standard in nonlinear state estimation for well-defined transition models [25] , [26] . We defer the full description of the EKF in this model to a later publication. However, listed below we show certain results using simulated data.
We simulated an airborne spotlight-mode dual-antenna SAR operating in the band to validate the proposed method. A dual-beam collection geometry has an equivalent transformation to that of two distinct antennas. Thus, all mathematical equations formulated above are applicable to this collection technique. We note that General Atomics' dual-beam SAR system is an amplitude monopulse (squinted) beam system, pointed left and right, in the azimuth direction, relative to the bore center. Table 1 lists the key system parameters associated with the simulation. 
